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S1 Proof of the additivity of rIG distribution

Firstly, we introduce the Bessel function and its related properties that will be utilized
in this section.
Definition 1. Let K, (-) be the type I of Bessel function, with index v, which is defined as

1 [ 1 -1
K,(x) = 5/ prleze(tHt )dt, where v € Ry. (S1)
0

Definition 2. Let ky(-,-) be the type II of Bessel function, with index A\, which is defined as

o 1

ky(x,¥) = / 2 exp {—5 (Xx’l + wx)] dz, where x,1 € Ryg. (S2)
0

There are some nice properties of type I and type II of Bessel function, for example,

K, (z)=K_,(z),
(S3)

d —x
K1/2($):K71/2($): 5. ¢

and

ko (0 9) = ko (¥, X),
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where v, ¢ € R and z,x,9¥ € Ryy. For more comprehensive information on the Bessel
function, please refer to the relevant literature [1].

Assume that a random variable Y follows the r/G(d,y). Using the properties of Bessel
function, the MGF of Y can be derived as follows:
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My (t) = E (&%) = 0 eay/ y—ieXp{_‘s y 4 (y 2t)y}dy
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(S5)
Assume that Y7 ~ rIG(d1,7), Yo ~ rIG(d2,7), and Y; and Y; are independent of each other.
Denote Z = Y; + Y5, then the MGF of 7 is

M,(t)=F [et(y1+y2)} — E( ty1) E( ty2)

_ o (-]

Thus, Z ~ IG (61 + d2,7), i.e., it has the convolution property: rIG (61,7) * 711G (09,7) =
T'IG((Sl —{—52,’7) .

(S6)

S2 Proof of theorems 1 and 2

We first prove the results of Theorem 1. Let Y;(t) and Y5(¢) be the degradation processes

before and after the change point 7. Then we have

Y(t) = Yi(t), t<m,
a Yi(r)+ Yot —7), t>T.

When 0 < ¢ < 7, conditioned on 7, the reliability function of 7', denoted as F}(t|7), can be

written as

Fit|r)=P(T>t|7>t)=PYi(t) <D| 1 >1t) = Fzg(D|0it, ). (S7)



When t > 7, the reliability function of T given 7 can be formulated as

Bit|r)=PYt)<D|r<t)=PYVi(r)+ Y2t —7)<D| 7<)
— [ POat=7) <D=y | <O il | 8

D
:/0 FTZQ(D—y7-|62(t—7'),’)/)f1(y7- | T)dy‘m

where y, represents the degradation value at the change point time 7, and f;(y, | 7) is the
PDF of y.. According to the property of rIG process, we know that fi(y, | 7) = fizg(y- |
017,7). From (S7) and (S8), the unconditional reliability function of 7" is

Rt)y=PY({t)<D,7>t)+P(Y(t)<D,0< 7<)

o : ) (59)
— Ry (t] 1) Go(t) + / g2 (rljir, o2 By (¢ | 7) d,

where G (t) is the survival function of random variable 7. Given the reliability function,
the MTTF can be computed as

MTTF = E(T) = / N R(t)dt. (S10)

Next, we prove the results of Theorem 2. Let 1, be the observed degradation value at
time ¢. The RUL of the system S; at time ¢ is defined as S; = inf {z;Y (t +2) > D | v < D},
representing the minimum time the system continues normal operation under the condition
y: < D. To calculate the probability that the system continues normal operation at time
t + x, our objective is to calculate the reliability of the system’s RUL. Considering different
relationships among times ¢, ¢t +x, and 7, we initially derive three distinct reliabilities based
on the condition of 7.

(i) When z +t < 7, the conditional reliability function of S; is
Fo (x| 7)=PY(t+2)<Dl|y <D,z +t<71)
=PY({t+z)—yu<D—wy |y <Dyx+t<7) (S11)
= ’I”ZQ(D - yt‘dle‘y)‘
(ii) When t < 7 < x + t, the conditional reliability function of S; is
Foo(x|T)=PY(t+2)<D|y <Dt <7 <z+1)
=PYs(t+2x—7)+Yi(7) <D |y <Dt <7 <x+1) (512)

D
- / Frg(D — g0t + & = 7),7) fiys | 7)dy,.
0
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(ili) When 7 < ¢, the conditional reliability function of S; is
Fs,3(x | 7) = Fizg(D — yuld2, 7). (S13)

Based on (S11) - (S13), the unconditional reliability function of RUL is

Rg,(x) =P(Y(t+z) <Dt <z+t<T)
+PY(t+x)<Dit<t<zx+t)+PY(t+z)<D,t>1)

Fon 1G4 0+ [ ool oD s o 7)dr (S14)
t
+ /Ot g-(T)Fs,3 (x| 7) dT.
The unconditional PDF of RUL function can be computed by
foulo) = -0, (515)
The mean of RUL at time ¢ can be obtained by
MRL = E(S;) = /OOO Rs,(z)dz. (S16)

S3 Technical details of the EM algorithm

To elucidate the technical details of the EM algorithm, we first establish a set of

notations. Note that the log-likelihood function in Eq. (13) of the manuscript can be

divided into two parts with respect to 7, ie. [;(0;) = v/ (7)w; (0,) and I, ;(n,7:) =

k) (k)T k
22:1 )\z(,j)vz'(,j) (n)wij) (n), where

v; (Tl) = (1,7’i,7'-2)T7 UZ-(?lj) (Tz) = 1, ’UZ(? (Tl) = (1,10g(AAi,j + ABiTi),TZ’,T?)T, 1)1(3) (Tz) = 1,

2 T
_ oy pr o ke 1
w; (07) = <—10g 210, — TCT%’ ;ga —w> )
(01:At;5)° YAy,

3
w(l) (’I]) = —log V2w + log 51,1'Ati,j + ’}/(Slﬂ'Ati’j — 5 log Ayi,j —

] 2Ayi,j 2 ’
.
2N, AA2. AA; ;AB; AB?
@ () = ( —log vIr — Slog Aysy — LY L yAA, — S0 ) Apy - DAAB AB
w; (n) ( og V2m o 108 Vi tyadi 20y, ;7 i Ayij 24y, 7

B2.:0ti5)7  Y*Ayiy
2Ayi,j 2 ’

3
wi?) (1) = —log V2 + log 62, At j + Y02, At j — 5 108 Ayij —

where AAZ‘J = 52,7jti,j - 51,iti,j—1 and ABZ = 5172‘ - 5272‘.
4



S3.1 Derivation of the conditional expectations in the E-step

We need to calculate the expectations required in the EM algorithm with respect to
p(m; | Ay;) in the E-step. In the following, we will suppress the dependence on 9 for
simplicity. According to the independence of the degradation increments, the joint PDF of
AY,; and 7; is

favie (Byi,7) =[] fis (Dyig | 614, 020,7.7) g (73 | ;). (S17)

j=1
After integrating out 7; from (S17), the marginal PDF of AY; is

ng

+o00
fAY Ayz / Hfzy Ayzg | o1 176217777—1) 9r (Tz | 0 )de (818)

Referring to Eq. (11) of the manuscript, we encounter three distinct scenarios involving
T, tij, and t; ;_1. These scenarios give rise to three potential cases for Am; ; (01,02, 7;),
leading to three corresponding forms of f; j (Ay; ; | 01, 024,7, 7). Specifically, when 7; < ¢, 0,
the conditional PDF of Ay, ; is:

Am (51 1762177-2)

fii (Ayi | 014,024,7,7) = Jon

{’yAm (51 iy 52 K3 Tz)} Ay_g/Q
2
[Am (614, G0, Tl)} Ayl + Ay, (S19)

X € —
Xp B )

For the sake of simplification, we denote the conditional PDF of Ay, ; in this case as
fii3) (AYij | 024,77, 7;) where Am; j (614,02, 7;) = Amﬁf}) (01,3, 02,4, 73). Similarly, for ¢; ;_; <
7; < t;; and 7; > t;,,, their conditional PDF of Ay; ; are denoted as f; j2) (Ayi; | 02,7, Ti),

and f”|(1) (Ayij | G,y 73) With Amy j (814, 82,5, 75) = Ami (814, 82,5, 73), and Amyj (614, 024, 75) =

Am ((51 i, 024, T; ), respectively. Now, let’s focus on decomposing HJ L fii (AYi | 61,0, 02,4,7,75)

(818). The three situations corresponding to the above are:

e For 7; < ti70,

LI i (Awi | 614620, 7) = [ Fijis) (Awig | 62,67, 7)
j=1 j=1 (S20)

L

Li(Ay; |n,7).



o For ti,j—l <1 < ti,ja j=1,...,n;

7=1

X fiji2) (Ayij | 61,4, 02,,7, 7i)

j=j+1

X { H fiine) (Ayigr | 52,1',%71‘)}

£ M, (Ay; | n,7).

o For 7 > tiy,,
n; n;
11 fid (Awig | 614620, 7) = [ ] Fijiry (Avig | 62,67, 7)
=1 j=1

2R (Ay; | n, 7).

Thus, the marginal PDF of AY; in (S18) can be rewritten as
+oo T
fay, (Ay;) / Hfm Ayz] | 0145024, 7,7i) 9+ (73 | 07) d;

_ / Li (Ay: | 1,7) - (| 6,) dr;

+Z M,_] Ay@|'r),7'z)g7(7'@|9)dn
tzg 1
+o0
" / Ri(Ay, | n,7) - (7, | 6,) dr,
ti,ni

Based on Bayes’ theorem, we can calculate the conditional PDF p(7; | Ay;) as

fAYm (Ayiﬂ'z‘)
fay, (Ay;)

p(7i | Ay;) =

Then, the conditional expectations, Ey [v; | Ay;] and Ey,,, [/\Z Py

the conditional distribution can be derived. The conditional expectation of v;, 2 =1, ..

H fzg Ayz,] ’ 01 1’52 za’y)Tz = { H f’L,] (1 Ayi,j’ ’ 51,1’7’7)71‘)}

(S21)

(S22)

(523)

(S24)

| Ay; | with respect to

L,



is:

1 ti0
E v | Ay}t =— / v;(7i)L; (Ay; ), Ti) 9r (73 | O7(s)) dTi
o o 80} =5 ([ oL (Aw ) o (7] 0.0)
n; ti
+y / 0i(1:) M;j (Ayi | 1), 73) g+ (73 | Or(s)) dTi (S25)
j=1 tij—1
+/ v (1) R (Ayi | "I(s),Ti) gr (Ti | 07(5)) dTi) .
ti,ni
The conditional expectations of )\” Z];), 1=1,...,1,7=1,...,n;, and k = 1,2,3 are as
follows.
E {Z l(l)AZ} / 7)) M; ;0 (AY; | M), Ti) 97 (Ti | O75)) AT
9 Mg Uiy | AY Tay. (Ay) zkyz 2%;1 - J | 1), 7) 97 (73 | Or(s)

+/t v (1) Ri (Ay, | 0. 7) g (73 | 0r) d¢z> :

i,m;

(S26)
for k =1.

1 ti’j 2
E {7, [ AZ} T A\ / v()TzMi'Ai s)s Ti T \Ti 07'5 dTi )
9(s) J J| Y fAY(Ayz)<”1 (7:) J( Yi | 1es) )g( | ())
(S27)
for k = 2.

1 " ®)
Eﬂ(s) { i,j z] ‘ Ayl} m (/; Uﬁ]( )L (Ayl ’ ne) Ti) gr (Ti ’ 97(3)) dTi

+Z/ 7' 74] (Ayl | "75)77'2) gr (Tz | 07—(5 ) d7'2> ,

(S28)
for k = 3. Thus, the Q-function within the E-step is:

I I : .
)= Eo, o | Ay} w6+ 303 3" Fo, (M0 | Av} wlf )
i=1 i=1 j=1 k=1
(529)

ng



S3.2 First-order partial derivative in M-step
Taking the first order partial derivatives of the Q-function in (S29) with respect to 9

and setting the derivations to be equal to zero to obtain ¥(41).

0Q 5 (9) <= [Ow; (0.)]"
0[] o

.
8 s 119 U i awfk)
Qs (¥) -y [% Ey,, {Agﬁ)vg,@) | Ay} =0,i=1,....1, (S30)

8'wgk.)(n) ! (k) (k)
—2—| Ey_, {)\ v ]Ay}z&

4,3 7i.j
87 i=1 j=1 k=1 87
where ,
Y S
o 0 o2 202 + 202
wz( T) — 1 “HT
26 A ’
T 0 1
’ 204
1)
awi,j (n)

ow(m) 0, 0
= AB;t; i_1—AA; ; AA; j—AB;t; ; ’
A(01,00,)" 4 DSl 05y porat e ey v =
62)1'—51’1' 61,1'_52,1'
Ay;; Ay,
;) (m) Y,
J 1 2
(0 (o))
O(010.02,)" i )T T
ow (n)
87]7 = 01, At ; — YAy 4,
dw (n i
av]( ) — < —’}/Ay%] +AAZ7.77 0, AB@, O ) )
Y
ow’) (n)
57 = 02;Ali j — YAY; 5.

S3.3 The procedure of EM algorithm

The EM algorithm in our study can be implemented using the following steps:

o Step 1. Initialize the parameters ¥ to some random values ), and setting the

tolerance error e.



o Step 2. Calculate Ey  [l; (0;) | Ay] and Ey , [l j(n, T) | Ay] based on the solution
of the s-th iteration ).

+ Step 3. Calculate the solution of the (s + 1)-th iteration 9¥;1) by Eq. (15) of the

manuscript.

o Step 4. Repeat Steps 2 and 3 until "19(3+1) — 19(8)} < €, where | - | is the Ly distance,

and e is the error tolerance.

e Step 5. The MLE of ¥ can be obtained as 9 = D (s41)-

S4 Technical details of the Bayesian analysis

The full conditional posterior distribution for each parameter can be computed as fol-

lows.

1. Given 6\, ,2) and AY’, the full conditional posterior distribution of (u.,c?) is
(PJTa 0-3) | 0\(#7’10'72—)7 AY ~ NIGa (B;v 77;-7 U;-v gi) )
where 8. = 8, + I,n, = (/im + > n-) [(Br+1),v, =1/2+ v, and & = & +

Bof2+ X722~ (B + $um) /@6, +1)).

2. Given 0\(“1 o?) and AY', the full conditional posterior distribution of (yy,0%) is

(ﬂla O-%) | 0\(“1’0%)a AY ~ NlGa (51777/170/1761) )
where 8] = 1+ 1, n) = (617]1 +ZZ-I:1 511) J(Bi+ 1), vy = I/2+ vy, and & =
3
&+ B /2 + S, 03,2 = (B + L,01) /(B + D),

3. Given 0\(#2 o2) and AY', the full conditional posterior distribution of (yg,03) is

(”2a O—%) | 0\(#2’0—%)7 AY ~ NiGa (55777;77};76;) )

where B = By + 1, 1y = (B + S0y 6u) / (Ba+ 1), 5 = 1/2+ v, and € =
&0+ Bnd/2+ S, 63,/2 — (B + Ty 02,) [ 282+ 1),

9



S5

Given 6\, and AY, the full conditional posterior distribution of v is
7| 6\, AY ~ N (W', k).
where o' = (w+&N) /(1 4+ &N), &' =%/ (1 +&2N) and N = 3T, >t Ay

For é,,;,7=1,...,1I, the full conditional posterior distribution has the following form

2p101,; — UL AME i

T (51,i | O\s, ;5 AY) X exp { +72AM1 irj ZZ 2Ay1 J } H AMyi;,
i=1 j=1 .3 j=1

where AMy;; = 01iti :J>‘ + [(51,i - 52,@') Ti + O2,ilijr1 — (517iti,j] )\(»2-).

7/7‘7

For d9;,@ =1,..., 1, the full conditional posterior distribution is

Uinda; — O " AM i
7r (62,1- | 0\52J,AY> ocexp{ H202 I ZAMM ZZ . A; i } [T AaMe,
%] .

=1 j=1
where AMQJ‘,]‘ = [(5171' — 5271') T; + (Sgﬂ‘ti’j_,_l 51 i zy] /\ —f- (52 zt J)\E?;

For 7;,4 =1,..., I, the full conditional posterior distribution is given by

J=1 i=1 j=1

20T — Ti2 i i AM i i
T (TZ’ | O\, AY) X exp {MZUQ + VZ AMsz;j— Z Z ZAy& d } H AMs; j,
T jil
where AMg}i’j = [((5171‘ - (5271') T; + 52,itz’,j+1 - 51,1'252'73'] /\1(72J)

Additional results of the case studies

For the Bayesian method, we monitor the convergence of the ARMS-Gibbs algorithm

through trace plots, and ergodic mean plots, which can be found in figures S1, and S2,

respectively. These plots confirm the convergence of the Markov chains. Figure S3 illustrates

the iterations of model parameter estimation based on the EM algorithm. Clearly, after 100

iterations, the estimated values converge to a relatively stable state.

10
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Figure S1: Trace plots of posterior samples of the model parameters.
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Figure S2: Ergodic mean plots of posterior samples of the model parameters.
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Figure S3: The estimates for the model parameters versus the iteration in the EM algorithm.
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